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Analytical model for friction piles in consolidating soft soils
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ABSTRACT

In this paper, a simplified analytical model for the design of friction piles foundations in an environment
that is prone to regional subsidence is presented. The model is based on Mindlin’s equations and was
originally proposed by Reséndiz and Auvinet. Some important modifications of the original version
based on the results obtained from numeric analyses have been introduced. In this new version, negative
skin friction is evaluated taking into consideration initial and future effective stresses conditions and not
only the limit shear strength of the soil in contact with the pile system. The model was validated with
results previously obtained by the authors using the Axisymmetric Finite Element Method. In spite of the
differences observed during such validation, it was possible to conclude that a reasonably good match
exists between both models.
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RESUMEN

En este trabajo se presenta un modelo analitico simplificado para el diseiio de cimentaciones a base de
pilotes de friccion en un entorno propenso a hundimiento regional. El modelo se basa en las ecuaciones
de Mindlin y fue propuesto originalmente por Reséndiz y Auvinet. Se realizaron algunas modificaciones
importantes a la version original, basadas en los resultados obtenidos de andlisis numéricos. En esta
nueva version, la magnitud de la friccion negativa se evaliia considerando, tanto las condiciones
iniciales y futuras de los esfuerzos efectivos, como la resistencia al corte limite del suelo en contacto
con el sistema de pilotes. El modelo fue validado con resultados obtenidos previamente por los autores
mediante el Método de Elementos Finitos Axisimétricos. A pesar de las diferencias obtenidas durante
dicha validacion, fue posible concluir que existe una concordancia razonable entre los resultados
arrojados por ambos modelos.

Palabras clave: Pilotes de friccion, grupos de pilotes, hundimiento regional, arcilla de la Ciudad de México.

INTRODUCTION a box-type foundation. Less frequently, they have

been used to support the total load of the structure

In the soft soils of Mexico City, friction piles  and ensure the stability of the foundation (design in
have been used to reduce settlements (design in  terms of bearing capacity). In all cases, a complex
term of deformation), most commonly as part of interaction develops between the subsoil, the piles
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and the structure. The subsoil is subjected to a
double consolidation process: one of them induced
by the weight of the structure and the other by
the decrease of pore water pressure caused by the
intense pumping of the groundwater of the city that
induces regional subsidence.

Because of the complexity of the problem and of the
considerably high number of parameters involved,
few analytical methods have been developed for
the analysis and design of friction pile foundations
subjected to external loads and soil consolidation
due to variations in piezometric conditions. Most
of them are simplifications aiming at evaluating
the magnitude of negative skin friction [1, 4, 7-8],
some of them take into account the interaction
between the two consolidation processes [13, 21],
and a few of them consider the current knowledge
of the problem obtained from numerical modelling
[3, 15-16], and/or laboratory or field tests [4, 9].

This paper is the continuation of the research
developed by the authors presented in [16], where
the behavior of friction pile foundations in typical
Mexico City soft clays, subjected to external loads
and soil consolidation due to variations in piezometric
conditions was studied using numerical analyses. In
this part of the investigation, a simplified analytical
model, originally proposed by Reséndiz and Auvinet
[13] based on Mindlin’s equations [10], is further
developed and validated against the results obtained
in the numerical analyses mentioned above.

The aim of this paper is to provide an alternative
and validated tool that can be used for the design
of friction piles foundation in an environment that
is prone to regional subsidence.

First, some background information regarding the
description of the parametric studies performed with
the numerical modeling [16] is provided. Next, a
brief description of the original analytical model
[13] is presented. Then, the proposed modifications
based on the numerical modeling results are exposed
and, finally, the validation of the new analytical
model is presented.

NUMERICAL MODELLING

Parametric studies were performed for a foundation
slab on friction piles [16] driven in Mexico City
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soft clay, which were assumed to be 25 m long
(down to 4 m above hard layer) and 0.5 m in
diameter. The weight of a typical five to ten floor
building was considered applying a load of 75
kPa directly to the rigid slab. The analyses were
developed in three stages. In Stage 1, pile was
placed (no installation effects were considered, but
the pile weight was taken into account as discussed
below) and the 75 kPa load was applied on the
slab; in Stage 2 a first pore pressure drawdown
was introduced (Figure la), simulating typical
future piezometric conditions; and in Stage 3 a
second pore pressure drawdown was considered
(Figure 1b), representing an extreme, but possible,
future piezometric condition in Mexico City. The
conditions at the end of each stage of the analysis,
after the excess pore pressure due to the applied load
and pore pressure drawdown has been completely
dissipated were assessed.

A group of friction piles, connected to an infinitely
large rigid slab was considered (Figure 2a). The
simulations dealt with the long term behavior of
the internal piles. The hexagonal tributary area of
each internal pile was idealized as a circular unit
cell (Figure 2a). The radius of the tributary area is
then equal to half of the centre-to-centre spacing
between piles. The problem can then be represented
by an axisymmetric model (Figure 2b).

Vertical displacements of the foundation for
different relative spacing S/D (centre to centre
spacing vs. pile diameter) were predicted using
different constitutive models: an elastic-perfectly
plastic Mohr-Coulomb model, and three hardening
elasto-plastic models: the Modified Cam Clay
[17] and Soft Soil [5] models (both isotropic)
and the S-CLAY 1 model (anisotropic) [18] able
to account for the high yielding anisotropy that is
typical for Mexico City clay. The obtained results
are described in [16] and some of them will be
presented further ahead for validation purposes
of the analytical model.

ORIGINAL ANALYTICAL MODEL
DESCRIPTION

The procedure to evaluate the behavior of a system
of friction piles, initially proposed by Reséndiz
and Auvinet [13] and implemented by Auvinet and
Diaz-Mora [2], is as follows:
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Figure 1. Initial effective stress and pore water
pressure profiles for the numerical model

(source: [16]).
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Figure 2. Model of a pile raft. a) Infinitely large pile
raft supported by friction piles. b) Numerical
model (not to scale, source: [16]).

Step 1. The in situ vertical effective stress distribution
within the soil mass is evaluated based on unit
weights and in situ pore pressure.
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Step 2. The long term load (R) on the caps of the
pile system is calculated by equation (1):

R=min(2Q,RP+R;) (1)

where ZQ is the total long term load (weight of
structure + piles + average service load), R, is the
system point bearing capacity and R; is the positive
skin friction, computed from the limit shear strength
of the soil in contact with the pile system.

When R = 20, piles take the total applied load
and hence a neutral level is able to develop. It is
possible to verify this behavior with the developed
numerical models. Figure 3a shows the variation
of the axial load developed in the pile (Q,,;,) over
the applied load (2Q) with depth, for S/D = 3,
as predicted by the numerical model (S-CLAY1
model). It is observed that the applied load is
transmitted completely to the pile cap (Q,;. / 20
=1, for depth = 0) and a neutral level (y,) develops
at a depth of 23 m.

Qi 2Q
00 05 10 15 20 25 30 0 100
0 ' + 4 ' ' .

o'y, kPa
200 300 400 -100 -50 0 50 100 150

On the other hand, when R = Rp +R}, piles are
unable to take the entire applied load because
limit conditions prevail at tip and along the shaft
of the piles. Then neutral level is unable to develop
and the substructure (superficial slab or box-type
foundation) transmits part of 2Q directly to the soil.

Step 3. The force resulting from the total substructure-
soil contact pressure is calculated as, equation (2):

P=30-R @)

Step 4. The position of the neutral level (y,) is found
by trial and error until equation (3) is satisfied:

R-R,=|R} €)

Yp _
|x;
Yo ’

yO
Dy
where R} is the negative skin friction, and yp, yo
and Dy are the depths of the pile tip, neutral level

and slab, respectively. In this case, R} is computed
from the limit shear strength of the soil in contact
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Figure 3. a) Axial load developed in the pile; b) 0’y = initial effective stress, o yy,p = final
vertical effective stress without piles and o’y = final vertical effective stress with
piles; and c) effective vertical stresses increment regarding o’ yy,p developed around
the pile. For S/D=3 as predicted by S-CLAY 1.
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with the pile system and taking into account that
the drag force on a particular pile within a large
group of piles cannot be larger than the weight
of the surrounding soil contained in the tributary
volume of the pile.

Step 5. An equivalent averaged stress field is obtained
replacing the positive and negative skin friction
(R; and R}), the substructure (superficial slab
or box-type foundation)-soil contact force (P) and
the tip forces (R,,) by equivalent vertical uniformly
distributed loads (acting on a horizontal plane),
located at different depths, as shown in Figure 4.
Using a numerical technique such as the generalized
sectors method [12] or an exact solution [18] for
integration of Mindlin’s equations [10], the stresses
induced at any depth by the vertical distributed
loads, are calculated.

Step 6. The consolidation settlements induced
by the effective stress variations caused by the
vertical equivalent distributed loads and the
considered future pore pressure drawdown, are
estimated using compressibility curves obtained
from laboratory consolidation tests (void ratio
vs. effective stress).

a) When R=23Q

PROPOSED MODIFICATIONS

It appears that the analytical model above (Step 4)
might overestimate the negative skin friction effects.
As a matter of fact, negative skin friction cannot
be larger than the apparent increase of the buoyant
weight of the soil mass surrounding the pile above
the neutral level, due to seepage forces induced by
the pore pressure drawdown [3, 15]. This can be
simply taken into account introducing equation (4)
in equation (3) (Step 4) [3, 15]:

%, N

“

P )
’Rf’ ° = min.
D
a
AO'y"AT

Yo

where ¢, b is the lateral bearing capacity developed
f

from Dy thru yy, NP is the number of piles, Aoy, is
the effective stress increment at y, (without piles)
developed by the potential future pore pressure
drawdown and Ay is the total tributary area between
piles. This assumption can also be verified using
the developed numerical models.

Figure 3b shows the variations of the obtained
vertical effective stresses with depth in the
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Figure 4. Positive and negative skin friction (R} and R} ), tip forces (R,) and substructure
(superficial slab or box-type foundation)-soil contact force (P) replaced by equivalent
vertical distributed loads acting on a horizontal plane.
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surrounding soil far away from the pile shaft (at
S/2 from the pile center) at the end of stage 3
(when induced excess pore pressure has completely
dissipated), where 0’y is the initial effective stress,
O’ ywop 18 the final vertical effective stress without
piles and 0’ ywp s the final vertical effective stress
with piles. It can be observed that no incremental
effective stresses are induced in the surrounding soil
above y,. This means that the incremental effective
stresses induced by pore pressure drawdown
(0’ ywop — O yp) s taken by the pile shaft above
vy (pile loading, Figure 3a, and soil unloading,
Figure 3c) and transmitted to the soil by the pile
tip and the pile shaft below y, (pile unloading,
Figure 3a, and soil loading, Figure 3c).

VALIDATION OF THE MODIFIED MODEL

In the following, the analytical model is applied
to the cases simulated by numerical analyses
presented in [16]. Table 1 shows the mean values
of the soil constants used in the analytical model,
which correspond to the values in [16], obtained
from [19] database. For practical purposes, the
pile friction and the point bearing capacity were
estimated from the mean values of ¢, obtained from
unconsolidated-undrained triaxial tests. Drained or
consolidated-undrained tests are rarely performed on
Mexico City clay simply because of the excessively
long consolidation times. Also, in the previous analyses
[16] it has been concluded that for long-term analyses
the compressibility behavior of the reinforced soil
mass is more relevant than the pile-soil interaction.
The adhesion factor for friction pile estimation was
assumed to be equal to one (o = 1, [11]). The initial

effective stresses and the pore pressure conditions are
the same as in the numerical studies [16], Figure 1.

To simulate the behavior of an internal pile within a
large pile group, similarly to the numerical analyses
which considered an infinite raft, an arbitrary large
square foundation (200x200m) is considered, and
the displacements and stresses are computed in
the center of the foundation. The validation of the
analytical model is made by comparing the results
with those obtained by numerical modelling.

Figure 5 shows the predicted relative displacements for
different S/D values and for the three analyzed stages.
In this figure the results obtained from the numerical
models are included, the gray bands represents the
range of values obtained in [16] with the hardening
elastoplastic constitutive models (S-CLAY 1, Soft Soil
and Modified Cam-Clay). Although qualitatively the
results are the same, the analytical model predicts
larger apparent protrusion than the numerical models,
especially for low S/D values. There are three main
reasons that explain such differences:

1) In the analytical model, the point load and
positive skin friction are computed from the
limit shear strength, while in the numerical
models this is not totally true for small pile
spacing, given that the mobilization of strength
depends on the predicted displacements.

2) The prediction of the compressibility in the
analytical model is a function of the vertical
effective stress only, while in the numerical
models the compressibility is predicted from the

Table 1. Soil constants values used in the analytical model.

Layer Depthm | ykN/m® | ¢, kPa € C. C, | POPKkPa
Dry crust 0-2 14.5 1.8 0.6 0.06 196
Crust 2-5 12.0 60 5.4 4.5 0.29 130
UCF1 5-10 11.4 28 8.7 7.7 0.47 25
UCF 10-15 11.1 10.0 7.6 0.53 5
UCF3 15-29 11.5 7.2 6.3 0.33 10

Y= unit weight.

c, = undrained shear strength.

ep= initial void ratio.

C.=  slope of the normal compression line in the logo’— e plane.
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Figure 5. Comparison of the effective vertical displacement ratios predicted by the analytical

and numerical models.

mean effective stress, and hence the effective
horizontal stresses influence the results.

In spite of the above, it is possible to say that a
reasonably good match between analytical and
numerical models has been obtained. Figures 6
and 7 shown the predicted increments of vertical
effective stress (Ac’y) obtained in the soil around
the pile for the analytical and the S-CLAY I models,
for S/D = 3 and 8, respectively, and for the three
stages of analysis. Reasonable agreement between
vertical effective stresses is also observed.

The modified analytical model can thus be considered
as a simple and potentially useful tool. An important
advantage of this model is that it can also be used
for three dimensional analyses. This model is
presently being calibrated by comparison with three
dimensional numerical models taking into account
the larger negative skin friction that may develop
on the perimeter piles.

CONCLUSIONS

A simplified analytical model based on Mindlin’s
equations was proposed and validated with results
obtained by numerical modelling. A reasonable
match between the analytical and numerical models
was obtained. The analytical model can thus be

Ac'y
0 50 100 150 200 250 300

0 4 L ! . L "

® Analytical model
—S8-CLAY1

Figure 6. Predicted increments of vertical effective
stress for the analytical model and
S-CLAY1 model for S/D = 3 (Stages
1 to 3).
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Figure 7. Predicted increments of vertical effective
stress for the analytical model and S-CLAY 1
model for S/D = 8 (Stages 1 to 3).

considered as a simple and potentially useful tool.
An advantage of this model is that it can also be
used for three dimensional analyses. This model is
presently being calibrated by comparison with three
dimensional numerical models taking into account
the larger negative skin friction that may develop
on the perimeter piles.
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