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ABSTRACT 

This work intends to present the development of a formulation based on Continuum Damage Mechanics to 
deal with elastic media introducing different mechanical behaviors in tension and compression regimes as 
well as some anisotropy degree when damage processes take place. First of all, a formulation for bimodular 
and anisotropic elastic media is reviewed. To take into account the damage processes in the material, some 
improvements are proposed as well as the definition of a hyperplane in order to divide the strain space to 
deal with bimodular materials. Besides, fourth-order anisotropic tensors are requested by the formulation 
depending on the class of anisotropy. Soon after, two models of constitutive damage written accordingly 
with the formulation proposed in this work are described. Finally, it is shown that the proposed formulation 
is an easy way to write and to understand complex constitutive damage models.
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RESUMEN

Este trabajo pretende presentar el desarrollo de una formulación basada en Mecánica de Daños para 
tratar con medios elásticos que presentan comportamientos mecánicos diferentes en regímenes de tensión 
y compresión, así como algún grado de anisotropía cuando se producen procesos de daño. En primer 
lugar, se revisa una formulación para medios elásticos bimodulares y anisotrópicos. Con el fin de tener 
en cuenta los procesos de daño en el material, se proponen algunas mejoras así como la definición de 
un hiperplano para dividir el espacio de deformación para tratar con materiales bimodulares. Además, 
los tensores anisotrópicos de cuarto orden son solicitados por la formulación dependiendo de la clase de 
anisotropía. Poco después, se describen dos modelos constitutivos de daños escritos en concordancia con 
la formulación propuesta en este trabajo. Finalmente, se muestra que la formulación propuesta es una 
forma fácil de escribir y comprender los complejos modelos de daño.
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INTRODUCTION

Many fiber-reinforced composite materials behave like 
anisotropic and bimodular media. On the other hand, 
brittle materials belong to a class of materials that 
can be considered initially isotropic and unimodular, 
such as concrete. However, these materials start to 
present different behaviors in tension and compression 
when damaged. In this context, considering small 
deformations, a formulation of constitutive laws for 
isotropic and anisotropic elastic materials presenting 
different behaviors in tension and compression 
regimes has been proposed in [1] to two and three-
dimensional cases.

The formulation presented in this work intends to 
introduce some improvements in the work [1] To take 
into account the damage effects in the mechanical 
behavior of materials. It is shown that the formulation 
is able to reproduce some damage models proposed 
in the literature, as for instance, [2-3].

Many different strategies are possible and they have 
been proposed in the literature to model bimodular 
materials and stiffness recovery as described in 
[4-5], [3], [6-10] and [11]. For more details, in is 
presented a summary of some model formulations 
which take into account the unilateral effect of the 
damage process.

On the other hand, the Continuum Damage Mechanics 
(CDM) has already proved to be a suitable tool for 
simulating the material deterioration in equivalent 
continuous media due exclusively to microcracking 
process. In the CDM, the damage effects are evidenced 
in the stiffness constitutive tensor. The damage process 
leads to the reduction of several stiffness components, 
where the damaged material can either keep its 
isotropic properties or become anisotropic, [2]. In 
this context, some isotropic damage models applied 
to the analysis of concrete have been developed, as 
[3], [12-13]. However, in the last decades anisotropic 
models which can modify both, the direction and the 
number of the material symmetry planes, have been 
proposed using phenomenological or micromechanical 
approaches ([2], [14-20] and others). For example, in 
[10], a micromechanical approach has been proposed to 
explain the anisotropic behavior of the macrostructure 
as a result of specific microcrack patterns. Moreover, 
many works dealing with the prediction of mechanical 

behavior of materials using information about two 
or more physical scales [21-26].

Despite the approach is based on phenomenological 
features or microstructure information of the material, 
the proposed formulation is presented as an alternative 
to be used as a proper tool to formulate damage models 
and to easily write easily these kind of models.

Finally, this work is divided into six sections. Initially, 
a linear elasticity formulation for bimodular and 
anisotropic media is briefly presented. After that, 
the extended framework incorporating the damage 
effects is discussed and some considerations about the 
representation of constitutive tensors for isotropic and 
anisotropic materials are presented. As a result, two 
damage models are written based on the formalism 
presented in this work. In particular, a bi-dissipative 
anisotropic damage model proposed for the non-linear 
analysis of reinforced concrete structures is derived 
from the formulation presented in this work. A criterion 
for partition of strain space is proposed. Finally, a 
few conclusions are discussed in the last section.

THEORETICAL ANALYSES

Linear elasticity for anisotropic and bimodular media

In this section, a linear elasticity formulation for 
anisotropic media considering different behaviors 
in tension and compression regimes is briefly 
presented. For more details, see [1].

Considering the hyperelasticity, a linear stress-strain 
law deriving from a quadratic potential involving 
a constant elasticity tensor presents the following 
characteristics:

W εεε E:
2
1)( = );,(2 ℜ∈ εW

(1)

εεσ E=)(           σ ∈ 1
 (ε, ℘)

(2)

E = constant          E ∈ 0
 (ε, E)

(3)

In equation (1), W is an elastic potential energy density 
which must be twice continuously differentiable. 
In equation (2), σ is a second-order tensor once 
differentiable and E is a fourth-order tensor. In the 
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general case of anisotropy, the constitutive tensor E 
is entirely determined by 21 independent constants.

The previous relationships for the anisotropic linear 
elasticity involve the coefficients named bulk (λab) 
and shear (µa) moduli which are reduced to those 
named Lamè constants in the isotropy cases. The 
particular forms that include isotropy, transverse 
isotropy and orthotropy, are given by:

(4)

(5)

(6)

where d = 1 for isotropy (recovering then the two 
usual Lamé constants), d = 2 for transverse isotropy 
(5 constants) and d = 3 for orthotropy (9 constants). 
The tensors Aa and Ab are defined as: (A1 = I) for 
isotropic materials, (A1 = I, A2 = A) for transverse 
isotropic materials and (A1 = I, A2 = A, A3 = B) for 
orthotropic materials.

For example, in the transverse isotropy cases, the 
tensor I is the second-order identity tensor and the 
tensor A, by definition, Curnier et al. (1995), is formed 
by dyadic product of the unit vector perpendicular 
to the transverse isotropy plane for himself. More 
details about the products are given in [27] and in 
the appendix.

However, for the one-dimensional case, the word 
“bimodulus” is related to the materials whose one-
dimensional stress-strain law is characterized by different 
Young’s moduli in tension and compression regimes.

In [1] is proposed an extension of that characteristic 
to two and three-dimensional cases. In the sequel, 
the development of that work is described.

For the modeling of a bimodular hyperelastic material, 
the elastic potential energy density W must be once 
continuously differentiable (whole wise), but only 
piecewise twice continuously differentiable. The 

stress-strain relationship derived from this potential 
is piecewise continuously differentiable leading 
to an elasticity tensor discontinuous referred to a 
hypersurface that contains the origin and divides 
the strain space into a compression and tension 
sub-domains. In this way, the modeling is able 
to reproduce different responses in tension and 
compression regimes.

Therefore, let the strain space ε be divided into 
compression sub-domain ε- and tension sub-domain 
ε+ by means of a hypersurface I characterized by a 
scalar valued function g(ε) (Figure 1). Hence, there 
are defined the following representations:

& :={ε ∈ ε | g (ε) = 0 1
∈g (ε, ℜ)

(7)

−ε :={ε ∈ ε | g (ε) < 0}, 

−ε := {ε ∈ ε | g (ε) ≤ 0}

(8)

ε+ :={ε ∈ ε | g (ε) > 0},

+ε := {ε ∈ ε | g (ε) ≥ 0}
(9)

ε = −ε  ∪ ε+ ∪ &,

 −ε  ∩ ε+ = ∅,    −ε  ∩ +ε  = & (10)

I

ε1

ε2

ε+

ε−

g(ε)=0

W+(ε)=constant

W_(ε)=constant

Figure 1.	 Partition of strain space into compression 
and tension sub-domains.

The hypersurface must contain the strain space 
origin in order to:

0 ∈ & ⇔ g (0) = 0 (11)

The definition of the hypersurface is used as criterion 
in order to divide the strain space into compression 
and tension dominant regimes. For instance, the 
simplest subdivision of the strain space into two 
half-spaces is provided by a hyperplane characterized 
by its normal unit (second-order tensor) N (||N||=1). 
Therefore, the expressions below are valid:
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& :={ε ∈ ε | g (ε) = N . ε = 0} (12)

ε_:={ε ∈ ε | N . ε < 0},
ε+ :={ε ∈ ε | N . ε > 0} (13)

The material response can be separately described in 
compression and tension dominant regimes by two 
elastic energy functions )(W ε−  and )(W ε+ . These 
functions are restricted to their relevant sub-domains 
ε- and ε+, besides when juxtaposed they provide 
a single energy function W(ε) defined over ε.

More specifically, the following relationships are 
valid:

                                  
(14)

σ (ε) = ∇ε W (ε) =

 




∇=
∇=

++

−−

)()(
)()(

εεσ
εεσ

ε

ε

W
W

if
if

;0)(
;0)(

≥
≤

ε
ε

g
g

                                                  
(15)

      

 
(16)

where

0)0()0()0( === +− WWW (17)

0)0()0()0( === +− σσσ
(18)

The continuity of elastic energy function and 
its first gradient (stress-strain law) across the 
interface implies

)()()( εεε −+ == WWW
∀ ε | g (ε) = 0

(19)

)()()( εσεσεσ −+ ==
∀ ε | g (ε) = 0

(20)

However, the elasticity tensor presents a jump across 
the interface in the normal direction defined by ∇g, 
but there is no tangential discontinuity. The jump 
in the elasticity tensor can be given by:

)()(:)]([ εεε −+ −= EEE =
 s (ε) )()( εε gg ∇⊗∇
∀ ε | g (ε) = 0

(21)

where s(ε) is a continuous scalar valued function 
that provides the jump value.

Using the hyperplane, the invariant form of g(ε) must 
be a linear combination of the linear invariants Ia = tr (Aa 
ε), i.e., g(ε)= γa Ia, and its constant gradient ∇ε 
g(ε)=N, the normal vector to the hyperplane must be 
a linear combination of the corresponding tensors Aa. 
In general cases, the following relationships are valid:

g(ε)= γa tr (Aa ε) = tr[(γa Aa)
ε]= 

N . ε = 0,    (a = 1, d),

(22)

N = ∇ε g =
a

g
Ι∂
∂  =Ι∇ aε aa Aγ ,

where coefficients γa implies:||N||=1

(23)

Finally, the expressions for the energy function 
equation (14), for the stress-strain law equation (15) 
and elasticity tensor equation (16) are written in the 
following forms:

24
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)(
2

))(()),((

2εµε

ε
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(24)
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The bimodular character implies that the constants 
λab are dependent of g(ε), i.e.: Pituba: Damage-based approach for bimodular and anisotropic materials
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It must be pointed out that the coefficients µa are the 
same in tension and compression regimes.

Extended formulation for anisotropic elastic 
media with damage and bimodular response

In this section, the extended framework of [1] 
incorporating the damage effect is presented. 
Accordingly, the coefficients named bulk (λab) and 
shear (µa) moduli are considered as functions of the 
damage state, where the stress-strain relationship 
would be influenced by damage variables. Moreover, 
the hypersurface g(ε, Di) taken as a criterion for 
the identification of the constitutive responses in 
compression or tension regimes would also be 
influenced by the damage variables. Note that the 
condition about no tangential discontinuity of the 
elasticity tensor is also valid in this formulation.

A more specific aspect to be highlighted out is related 
to the thermodynamically associated variables to the 
damage ones. Such variables are energy released rates 
throughout the damage evolution process and they 
can be used in the definition of a criterion to identify 
the beginning and evolution of the damage process.

On the other hand, the choice of the damage variables as 
well as the anisotropy class considered in a constitutive 
model formulation depends on the material to be 
modelled. In this context, it is important to observe 
that the damage variables influence the change of the 
fourth-order tensors ]AA[ ba ⊗  and [ a

__

a AIIA
−−
⊗+⊗ ] 

which are included in the elasticity tensor expressions.

Then, the relations for the extended potential energy 
function and derived relationships valid for general 
cases of anisotropy can be written in the following form:

28
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where the subscript i can assume values from 1 to 
the number of damage scalar variables considered 
by the model.

The variables associated to the damage ones can 
be obtained from the energy function, as follows:

(31)

Note that the bimodular character implies on the 
λab coefficients are functions of the g(ε, Di), i.e.:

(32)

It must be pointed out that the conditions above 
impose a jump in the elasticity tensor across 
the hypersurface, g(ε, Di). Besides, the shear 
coefficients µa must be the same in tension and 
compression regimes, as explained in [1].

Actually, the choice for the number of damage 
variables and class of anisotropy depends on the 
material that will be modeled. In this context, this 
formulation can be extended to include a more 
complex level of anisotropy. Therefore, the proposed 
formulation can be employed for damaged elastic 
materials where the medium is initially anisotropic 
and bimodular. Also, the proposed formulation 
can be used for damaged elastic materials with 
anisotropy and bimodularity induced by damage. 
In the last case, it must be careful with the insert of 
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the damage variables in the formulation to induce 
anisotropy and bimodularity conveniently. That 
possibility is explored in the next section, to show 
the potentialities of the proposed formulation.

Formulation for damaged elastic media taking 
into account induced transverse isotropy and 
bimodular response

Consider now that the material initially behaves 
as an isotropic medium with the same stiffness in 
tension and compression regimes. When the damage 
process takes place, the material starts to present 
a bimodular and anisotropic behavior. Then, by 
assuming a generic situation that the medium already 
presents a certain damage level leading to a transverse 
isotropy behaviour, the elastic energy potential and 
the derived relationships to stress, constitutive tensors, 
and variables associated to damage are given by:

(33)

(34)

(35)

(36)
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where λ11 = λ 0 and µ1 = µ0 are Lamè constants and 
E0 is the initial isotropic elastic stiffness tensor.
The bimodular character is taken into account by 
the following conditions:

(37)

(38)

Note also that for null values of the damage variables the 
material behaves as an isotropic and unimodular medium.

Representation of constitutive tensors for isotropic 
and anisotropic materials

In the Continuum Damage Mechanics, the damage 
effects are evidenced in the constitutive tensor. The 
damage process leads to a reduction of several stiffness 
components, where the damaged material can keep 
its isotropic properties or become anisotropic. In 
the isotropic constitutive models, damage does not 
affect the number of both, the symmetry directions 
and the initial symmetry planes of the material, i.e., 
if the medium is initially isotropic or contains some 
anisotropy level, those characteristics are preserved 
throughout the damage process.

On the other hand, the anisotropic models have the 
capability to change the number of both:  the symmetry 
directions and the initial symmetry planes of the 
material. In the last years, many constitutive models 
have been proposed in order to take into account the 
anisotropic characteristic of the medium, [7] and [28].

In order to represent the constitutive formulation 
for media with anisotropy induced by damage, it is 
considered that the damaged stiffness constitutive 
tensor can be composed by two additive parts: the 
first one represents the undamaged material and, 
the second one, is dependent of the actual damage 
state. When that last part is written like a summation 
of the scalar valued functions of the damage scalar 
variables that multiplies the fourth-order constitutive 
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tensors, the resulting model is so-called scalar damage 
model. For instance, simple additive forms can be 
expressed as follows:

E = E0 + λ[D] M (39)

where E0 and M are fourth-order tensors and λ[D] is a 
scalar valued function of the damage scalar variables. 
The equation above is a condensed form of the eq. 
(35). For initially isotropic materials, it can preserve 
the isotopic characteristic or create an anisotropic 
effect on the constitutive tensors depending how the 
tensors E0 and M  have been defined.

On the other hand, the general forms for the fourth-
order damage tensor D can be proposed in order to 
take into account the anisotropy induced by damage. 
In this work the definition of that tensor follows a 
so-called scalar form expressed as: D = fj(Di) Mj , 
where fj(Di) are scalar valued functions of the damage 
scalar variables Di and Mj are anisotropic tensors.

RESULTS

This section intends to present some constitutive 
damage models found in the literature following 
the extended framework of [1] described in this 
work.

A damage model accounting for induced 
anisotropy and bimodular elastic response

The material is assumed as an initially isotropic 
material that starts to present transverse isotropy 
and bimodular responses induced by the damage. To 
take into account the bimodularity conveniently, two 
damage tensors governing the stiffness in tension 
or compression regimes are introduced. Moreover, 
the model tries to respect the principle of energy 
equivalence between damaged real medium and 
equivalent continuous medium established in the 
Continuum Damage Mechanics, [29]. Thus, the rigidity 
and flexibility constitutive tensors of the equivalent 
continuous medium result symmetric. Later, a criterion 
for partition of strain space is also discussed.

Following the proposed formulation and 
the principles of the irreversible processes 
Thermodynamics [29], the invariant form of the 
constitutive model is given by:

(40)

(42)

where W0 is the elastic potential of the undamaged 
material, ψ is the free energy potential, ρ is the 

mass density of the media, 011 λ=λ  and 01 µ=µ
. The remaining parameters λ and µ will only exist 
for non-zero damage, evidencing in that way the 
anisotropy and bimodularity induced by damage. 
Those parameters are given by:
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The stress tensor is obtained from the gradient of 
the elastic potential, as follows:

 

(44)

(45)

(46)

The constitutive tensor is also obtained from the 
elastic potential, i.e.:

(47)
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(49)

The variables associated to damage variables in 
tension (D1, D4) and in compression (D2, D3, D5) 
regimes can be understood like energy release 
rates during the damage evolution process. They 
are given by:

(50)

The constitutive model includes two damage tensors 
to take into account the bimodularity induced by 
damage in the concrete behavior. Therefore, a criterion 
is necessary to define the tension and compression 
dominant states in order to indicate what damage 
tensor should be used.

In this model, a particular form is adopted for the 
hypersurface in the strain space: a hyperplane 
g(ε) defined by the unit normal N (||N|| = 1) and 
characterized by its dependence on the strain and 
damage states.

This criterion is extended so that the actual damage 
state can influence the hyperplane definition. Therefore, 
the following relationship is proposed:

g(ε, DT, DC) = N(DT, DC) . εe (51)

The strain space division in this model is discussed as 
follows. In this context, it is interesting to remember 

50

Y1(D1)=- ρ
1D∂

∂ +ψ
; Y2(D1)=ρ

2D∂
∂ −ψ

;

Y3(D3)=-ρ
3D∂

∂ −ψ
;

Y4(D4)=-ρ
4D∂

∂ +ψ
;Y5(D5)=-ρ

5D∂
∂ −ψ

(50)
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the Curnier equations equation (22) and equiation (23) 
related to the strain space division. For the isotropy 
case, the sub-index “a” must be equal to 1 and the 
tensor A1 = I. On this condition with damage absence, 
the null volumetric elastic strain defines the interface 
between the two strain sub-domains. In fact,

N = IA 111 γγ = ,   (||N|| = 1

 ⇔
3

1
1 =γ )

(52)

g (ε) = N . εe =0,

 g (ε) = 
3

1
I . εe = 

3
1

tr (εe)= 

3
1
εeV = 0, thus e

Vε = 0

(53)

where e
Vε  is the volumetric elastic strain.

Furthermore, for the transverse isotropy case without 
damage, in equation (22) the sub-index and the tensors 
Aa are: a =1,2, A1 = I and A2 = A. This implies:

N= AIAA ⋅+⋅=+ 212211 γγγγ (54)

(55)

where a1, a2 and a3 are components of the unit vector 
normal to the transverse isotropy plane, γ1 and γ2 
implies that ||N|| = 1.

To simplify the presentation, the hyperplane will be 
here expressed as the one obtained by enforcing the 
direction 1 in the strain space to be perpendicular 
to the transverse isotropy local plane. Thus, the 
components a2 and a3 result null and a1 = 1 and thus 
the equation (54) and equation (55) are given by:

||N|| = 1⇔ 123 2
221

2
1 =++ γγγγ (56)
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(57)

Immediately, two particular cases must be 
analyzed:
- In the first case, if γ1 = 1 and γ2 = 0, the isotropy 
given by equation (52) and equation (53) is recovered.
- In the second case, if γ1 = 0 and γ2 = 1, the pure 
transverse isotropy is assumed and the normal 
to the hyperplane coincides with the normal to 
the transverse isotropy plane of the material. 
Therefore:

Pituba: Damage-based approach for bimodular and anisotropic materials 
 

 59 

g () = e
11  = 0 (58) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 

 
(58)

That would be the simplest possible hyperplane.

Going back to the case where the bimodular and 
transverse isotropy responses are induced by the 
damage, it is still valid: 0≤ γ1 ≤ 1 and 0 ≤ γ2 ≤ 1. 
However, it can be supposed that the coefficients 
γ1 and γ2 are functions of the damage variables.

Thus, accordingly with equation (51) also, regarding 
general cases of loading, the following relationship 
is proposed for the hyperplane:

(59)

where γ1(D1,D2) = {1+H(D2)[H(D1)-1]}
η(D1)+{1+H(D1)[H(D2)-1]}η(D2) and γ2(D1,D2) 
= D1+D2.

The Heaveside functions employed above are 
given by:

H(Di) = 1 for Di > 0;H(Di) = 0 
for Di = 0    (i = 1, 2)

(60)

The η(D1) and η(D2) functions are defined, 
respectively, for the tension and compression cases, 
assuming for the first one that there was no previous 
damage of compression affecting the present traction 
damage variable D1 and analogously, for the second 
one that has not had previous damage of tension 
affecting variable D2.

 58 

g () = 1 tr (e) + 2 e
11  = 0 

1 e
V  + 2 e
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(57) 
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g(,DT,DC) = N(DT,DC) . e = 
 1(D1,D2) e

V  + 2(D1,D2) e
11  

(59) 
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For instance, referring to tension states without previous 
damage of compression, the equation (59) is reduced 
to the following equation:

 (61)

Equation (61) can be used to identify the passage 
to compression states. The γ1 = η (D1) function 
can be obtained from equation (57):

η (D1) = 
3

23 2
11 DD −+− (62)

Analogously, referring to compression states without 
previous damage in tension regimes, the equation (59) 
is given by:

(63)

Therefore, imposing the eq. (56) results:

η (D2) = 
3

23 2
22 DD −+− (64)

Note that, if the damage process in the material is not 
activated (D1 = D2 = 0) the eq. (59) recovers equation 
(53), thus the formulation satisfies the proposed 
condition of initially isotropic material. However, if the 
material is totally damaged, D1 = D2 = 1 (η (D1) = η 
(D2) = 0) and γ2 = 2, the equation (58) is recovered.

To visualize the hyperplane localization in the strain 
space, let us consider a virgin material. In this case, the 
hyperplane is given by equation (53) whose normal 
is given by the identity second order tensor I, and it 
has the same slope related to 1, 2 and 3 directions. On 
the other hand, if the material is completely damaged, 
the hyperplane g(ε) (Figure 1) is coincident to the 
transverse isotropy local plane of the material and, 
therefore, the normal vector to the hyperplane is 
given by the transverse isotropy tensor A (Figure 2).

Figure 2.	 Hyerplane.
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When the material is submitted to dominant tension 
state, but a previous damage process has been activated 
in compression, the hyperplane Equation (59) results:

 (65)

where η(D2) and D2 are the constants that keep 
the previous damage activated in compression. The 
same relationship is valid for dominant compression 
state with previous damage process activated in 
tension; in that case, η(D1) and D1 are the constants 
that keep the previous activated damage in tension.

An isotropic damage model accounting for 
induced bimodular elastic response

This model has been proposed by [3] for quasi-brittle 
materials. It is assumed that all macroscopic effects of 
inelastic phenomena can be modelled by two scalar 
damage variables (DT and DC), which measure damage 
under stress states of prevailing tension and prevailing 
compression. Therefore, this model also necessitates 
of a criterion for partition of strain space. Besides, the 
model respects the principle of strain equivalence, [27].

Following the formulation, the invariant form of the 
constitutive model is given by:

(66)

(67)

(68)
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where W0 is the elastic potential of the undamaged 
material. The parameters +

11λ , −
11λ  and µ1 are 

given by:

(69)

The parameters λ0 and µ0 are the Lamè constants 
for an undamaged isotropic material. In case of 
non-zero damage, the shear coefficients µ1 are 
the same in tension and compression as explained 
in [1]. However, the parameters +

11λ , −
11λ  and µ1 

assume different forms evidencing the bimodularity 
induced by damage.

The stress tensor is obtained from the gradient of 
the elastic potential, as follows:

(70)

(71)

(72)

The constitutive tensor is also obtained from the 
elastic potential, i.e.:

 

(73)
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(75)

In this model, two scalar damage variables are 
used; therefore, a criterion is necessary to define 
the tension and compression of dominant states. In 
[3], a hyperplane g(ε) defined by the unit normal 
N (||N|| = 1) has also been also used.

Following the formulation presented in this work, 
as mentioned before the criterion for partition of the 
strain space is given by eq. (51). For the isotropy 
case, only the tensor A1 = I is used. Therefore, the 
null volumetric elastic strain defines the interface 
between the two strain sub-domains, eqs. (52) and 
(53). This criterion is not dependent on the scalar 
damage variables DT and DC because the parameter 
γ1 does not influence the criterion. Therefore, the 
criterion is expressed by eq. (53).

CONCLUSIONS

In this work, the formulation of constitutive models 
proposed by [1] for anisotropic elastic materials that 
present different behaviors in tension and compression 
regimes has been extended to incorporate damage 
processes. Although the transverse isotropy induced 
by damage has been studied more specifically, 
the formulation developed can be used for more 
complex cases where the material presents damage 
processes leading to anisotropic behavior in isotropic 
or anisotropic media.

As general examples, two generic damage models 
have been written following the formalism presented 
in this work. Initially, a damage model accounting 
for induced anisotropy and a bimodular elastic 
response has been described following the framework 
presented here. It has shown that the formulation 
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of the damage model can reproduce the bimodular 
behavior of the material. Also, a criterion has been 
proposed to characterize the division of strain space. 
Soon after, an isotropic damage model has been 
presented. This model also follows the formalism of 
this work and it is able to reproduce the bimodular 
behavior of the quasi-brittle materials.

On the other hand, in Results section, two damage 
models found in the literature have been written 
following the formalism proposed in this work. 
These models have already been applied in the 
numerical simulation of concrete structures dealing 
with different problems ([2] and [16], for instance). 
To validate the proposed modelling, a plain concrete 
beam has been analyzed. The good performance of 
the models shows that the proposed formalism is 
able to supply consistent damage models.

Finally, the proposed framework for the damaged 
media can be used in future works for the development 
of many constitutive models depending on the 
involved phenomena.
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APPENDIX

There are three fourth-order isotropic tensors linearly 
independents, [30]:

I ⊗ I = δij δkl (ei ⊗ ej ⊗ ek ⊗ el) (76)

I 
−

⊗  I = δik δjl (ei ⊗ ej ⊗ ek ⊗ el) (77)

I 
−

⊗  I = δil δjk (ei ⊗ ej ⊗ ek ⊗ el) (78)

A tensor derived from the previous ones is the 
following:

I 
−

−
⊗  I = 



 ⊗+⊗

−

−
IIII

2
1 (79)

In what follows, the characteristic properties of those 
fourth-order isotropic tensors are presented. In this 
context, let us consider a second-order tensor S, which 
is multiplied by the fourth-order isotropic tensors:

( ) =⊗ SII (tr S) I = (S . I) I (80)



82

José Julio de Cerqueira Pituba: Damage-Based Approach for bimodular and anisotropic materials 

( ) =⊗ SII  S
(81)

( ) =⊗ SII  ST
(82)

( ) =⊗ SII ( )TSS +=
2
1

(83)

Taking into account the tensors properties, the 
followings fourth-order tensors involved in the 
formulation can be derived:

A ⊗ A = Aij Akl (ei ⊗ ej ⊗ ek ⊗ el) (84)

A ⊗ I = Aij δkl (ei ⊗ ej ⊗ ek ⊗ el) (85)

I ⊗ A = δij Akl (ei ⊗ ej ⊗ ek ⊗ el) (86)

A 
−

−
⊗  I = 

2
1

 (Aik δjl + δil Ajk)
 
(ei ⊗ ej ⊗ ek ⊗ el)

(87)

I 
−

−
⊗  A = 

2
1

 (δik Ajl + Ail δjk)
 
(ei ⊗ ej ⊗ ek ⊗ el)

(88)

It can also be summarized the operations for 
dyadic products application including any 
second-order tensor, which were described 
in [1] and [31]:

 

∀ X ∈ ξ

(89)

where ξ is a second order symmetric tensors space.
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